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Abstract
Let (R,m) be commutative Noetherian local ring. It is shown that R is Cohen–Macaulay ring
if there exists a Cohen–Macaulay finite (i.e. finitely generated) R–module with finite upper
Gorenstein dimension. In addition, we show that, in the Intersection Theorem, projective
dimension can be replaced by quasi–projective dimension.
1. Introduction
Let M and N be finite R–modules and pdRM < ∞. The New Intersection Theorem of
Peskine and Szpiro [PS], Hochster [H], and P. Roberts [R1], [R2] yields an inequality
(1) dimRN ≤ dimR(M ⊗R N) + pdRM.
By applying the inequality (1) with N = R one derives,
(2) dimR ≤ dimRM + pdRM.
By the Auslander–Buchsbaum Formula, the inequality (2) is equivalent to
(3) cmdR ≤ cmdRM
where cmdRM = dimRM−depthRM is the Cohen–Macaulay defect ofM that is a non–negative
integer which determines the failure of M to be Cohen–Macaulay; we set cmdR = cmdRR.
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It is shown that the projective dimension can be replaced by the quasi–projective dimension
(cf. [AGP]) in (1).
Also we show that the projective dimension can be replaced by upper Gorenstein dimension
(cf. [V]) in (2) and (3). In addition, it is shown that the grade of a module of finite upper
Gorenstein dimension is actually equal to its codimension.
(1.1) Setup and Notions. Throughout, the rings will denote a non–trivial, commutative,
local, Noetherian ring and the modules are finite (that means finitely generated). A diagram
of local homomorphisms R → R′ ← Q, with R → R′ a flat extension and R′ = Q/(x) where
x = x1, x2, · · · , xc is a Q–regular sequence, is called a quasi–deformation of codimension c. The
quasi–projective dimension of the R–module M is defined by Avramov, Gasharov, and Peeva
[AGP] as
qpdRM = inf{pdQ(M ⊗R R
′)| R→ R′ ← Q is a quasi–deformation}.
A local surjection π : Q → R is a Gorenstein deformation if Ker (π) is a Gorenstein ideal.
A Gorenstein quasi–deformation of R is a diagram of local homomorphisms R → R′ ← Q,
with R → R′ a flat extension and R′ ← Q a Gorenstein deformation. The upper Gorenstein
dimension of the R–module M is defined by Veliche [V] as
G∗−dimRM = inf{pdQ(M⊗RR
′)−pdQR
′| R→ R′ ← Q is a Gorenstein quasi–deformation}.
The nth Betti number of M over R is defined by βRn (M) = rank k(Ext
n
R(M,k)). The complexity
of M is defined by
cxRM = inf{d ∈ N0| β
R
n (M) ≤ an
d−1 for some positive real a and n≫ 0}.
By [AGP; Thm. 5.11] for any R–moduleM there is an equality qpdRM = CI-dimRM +cxRM
where CI-dimRM is the complete intersection dimension of M .
An R-complex X is a sequence of R-modules Xℓ and R-linear maps ∂
X
ℓ , ℓ ∈ Z,
X = · · · −→ Xℓ+1
∂X
ℓ+1
−→ Xℓ
∂X
ℓ−→ Xℓ−1 −→ · · ·
such that ∂Xℓ ∂
X
ℓ+1 = 0 for all ℓ ∈ Z. The module Xℓ is called the module in degree ℓ, and the
map ∂Xℓ : Xℓ −→ Xℓ−1 is called the ℓ-th differential. An R–module M is thought of as the
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complex M = 0 −→M −→ 0. The supremum and infimum of X are defined by
supX = sup{ℓ ∈ Z|Hℓ(X) 6= 0}
infX = inf{ℓ ∈ Z|Hℓ(X) 6= 0}
A morphism α : X −→ Y is said to be a quasi-isomorphism if the induced morphism H(α) :
H(X) −→ H(Y ) is an isomorphism. The derived category D(R) of the category of R–complexes
is the category of R–complexes localized at the class of all quasi–isomorphisms. The full sub-
category Dfb (R) consist of complexes X with Hℓ(X) a finite R–module for all ℓ and Hℓ(X) = 0
for |ℓ| ≫ 0. The left derived functor of the tensor product functor of R-complexes is denoted by
−⊗LR −. For a complex X, the dimension of X is defined by
dimRX = sup{dimR/p− infXp|p ∈ SpecR}.
When M is an R–module, this notion agrees with the usual definition of dimRM .
Let R be a local and X be a homologically finite complex of R–modules. the CI-dimRX is
defined by Sather-Wagstaff in [S] as follows
CI-dimRX = inf{pdQ(X ⊗R R
′)− pdQR
′| R→ R′ ← Q is a quasi–deformation}.
2. Upper Gorenstein dimension.
In this section it is shown that the ring R is Cohen–Macaulay if there exists a Cohen–
Macaulay finite R–module M of finite upper Gorenstein dimension. (The converse is easy.) In
addition it is shown that the grade of a module of finite upper Gorenstein dimension is actually
equal to its codimension.
(2.1) Theorem. Let M be a finite R–module with finite upper Gorenstein dimension. Then
the following hold
(a) cmdR ≤ cmdRM .
(b) dimR ≤ dimRM +G
∗−dimRM.
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Proof. (a) Since G∗−dimM < ∞, there exists a quasi–deformation R → R′ = Q/J ← Q with
pdQM
′ < ∞, where M ′ = M ⊗R R
′. By the Intersection Theorem, cmdQ ≤ cmdQM
′. It is
well–known that cmdQM
′ = cmdR′M
′. Now since R→ R′ is a flat extension, by [AF; 1.2] the
following hold
cmdR′ = cmdR+ cmdRR
′/mR′;
cmdR′M
′ = cmdRM + cmdRR
′/mR′.
On the other hand by [AFH; Cor. 3.12] we have cmdQ = cmdR′. Therefore
cmdR+ cmdRR
′/mR′ = cmdQ
≤ cmdQM
′
= cmdRM + cmdRR
′/mR′
(b) This part is obtained by applying (a) and the equality depthR = depthRM+G
∗−dimRM ,
cf. [V; Prop. 2.4]. 
LetM be a finite R–module. The grade of M , gradeRM , defined by Rees to be the maximal
length of R–regular sequence in the annihilator of M . Also, the codimension codimRM of the
support of M in the spectrum of R is defined as the height of the annihilator of M . In [AF]
Avramov and Foxby have studied some properties of the codimension of a module with finite
projective dimension. Now as an application of Theorem (1.2), we give a generalization of [AF;
Prop. 2.5] for a module with finite upper Gorenstein dimension. Often it is convenient to
compute gradeRM and codimRM from the formulas
gradeRM = inf{depthRp|p ∈ SuppRM};
codimRM = inf{dimRp|p ∈ SuppRM}.
(2.2) Proposition. (See [AF; Prop. 2.5]) If M is a non–zero finite R–module of finite upper
Gorenstein dimension, then gradeRM = codimRM and there exists a prime ideal p minimal in
SuppRM such that Rp is Cohen–Macaulay of dimension gradeRM .
Proof. Choose q ∈ SuppRM such that gradeRM = depthRq, and then choose p contained in
q and minimal in SuppRM . By using [V; prop. 2.4] and [V; prop. 2.10] we conclude from the
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choices of q and p that
gradeRM = depthRq ≥ G
∗−dimRqMq ≥ G
∗−dimRpMp = depthRp ≥ gradeRM.
Therefore gradeRM = depthRp. Since Mp is an Rp–module of finite length and of finite upper
Gorenstein dimension, the ringRp is Cohen–Macaulay by (1.2). Now by the following inequalities
gradeRM = dimRp ≥ codimRM ≥ gradeRM,
the assertion holds. 
3. Quasi–projective dimension.
The main result in this section is the Theorem 3.3 That is a generalization of the Intersection
Theorem.
(3.1) Definition. For X ∈ Dfb (R) the quasi-projective dimension of X is defined as
qpdRX = inf{pdQ(X ⊗R R
′)| R→ R′ ← Q is a quasi–deformation}.
(3.2) Lemma. If π : R→ S is a surjection local homomorphism and Y,Z ∈ Dfb (S), then
dimR(Y ⊗
L
R Z) = dim S(Y ⊗
L
S Z).
Proof. Let I = ker(π). Then we have R/π−1(q) ∼= S/q for every prime ideal q of S.
Claim 1. SuppR(Y ⊗
L
R Z) ⊆ V(I). Fix p ∈ SuppR(Y ⊗
L
R Z) = SuppR(Y ) ∩ SuppR(Z).
Then p ∈ SuppR(Hi(Y )) for some i. Since Hi(Y ) is an S–module, one has I ⊆ AnnR(Hi(Y ))
and therefore p ∈ SuppR(Hi(Y )) = V(AnnR(Hi(Y ))) ⊆ V(I).
Claim 2. For a prime ideal q of S, one has q ∈ Supp S(Y ⊗
L
S Z) if and only if π
−1(q) ∈
SuppR(Y ⊗
L
R Z). Let p = π
−1(q). First note that the complexes Yq and Yp are isomorphic over
Rp. In particular, inf(Yp) = inf(Yq) and p ∈ SuppR(Y ) if and only if q ∈ Supp S(Y ). As we
just argued, p ∈ SuppR(Y ⊗
L
R Z) = SuppR(Y )∩ SuppR(Z)if and only if q ∈ Supp S(Y ⊗
L
S Z) =
Supp S(Y ) ∩ Supp S(Z). This proves the claim.
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Claim 3. For a prime ideal q of S, let p = π−1(q); then
inf((Y ⊗LR Z)p) = inf((Y ⊗
L
S Z)q).
One has
inf((Y ⊗LR Z)p) = inf(Yp⊗
L
Rp
Zp)
= inf(Yp) + inf(Zp)
= inf(Yq) + inf(Zq)
= inf(Yq⊗
L
Sq
Zq)
= inf((Y ⊗LS Z)q).
Now from claims 1–3 we have
dimR(Y ⊗
L
R Z) = sup{dim (R/p)− inf((Y ⊗
L
R Z)p)|p ∈ SuppR(Y ⊗
L
R Z)}
= sup{dim (S/q)− inf((Y ⊗LS Z)q)|q ∈ Supp S(Y ⊗
L
S Z)}
= dim S(Y ⊗
L
S Z).
and this is the desired equality. 
(3.3) Theorem. Let Y ∈ Dfb (R) with finite quasi–projective dimension. Then for X ∈ D
f
b (R),
dimRX ≤ dimR(Y ⊗
L
R X) + qpdRY.
Proof. Since qpdRY < ∞, so there is a quasi–deformation R → R
′ ← Q with pdQY
′ < ∞
where Y ′ = Y ⊗R R
′. By the Intersection Theorem (finite version) for complexes, cf. [F; 18.5],
dimQX
′ ≤ dimQ(Y
′ ⊗LQ X
′) + pdQY
′.
We have the following
dimQ(Y
′ ⊗LQ X
′) = dimR′(Y
′ ⊗LR′ X
′)
= dimR′(Y ⊗
L
R X)
′
= dimR(Y ⊗
L
R X) + dimR
′/mR′
where the the first equality comes from lemma 3.2. It is also easy to see that
dimQX
′ = dimR′X
′ = dimRY + dimR
′/mR′.
Thus the proof is completed. 
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In the Theorem (3.3), if we put finite R–modules M and N instead of the complexes Y and
X then we get the following result.
(3.4) Corollary. LetM be a finite R–module with finite complete intersection dimension. Then
for a finite R–module N ;
dimN ≤ dim (N ⊗R M) + qpdRM.
Proof. By [F; 16.22 ], dim (N ⊗LR M) = dim (N ⊗R M). Therefore the assertion is obtained by
applying Theorem 3.3. 
The following example shows that we can not replace quasi-projective dimension with com-
plete intersection dimension in Theorem 3.3.
Example Let Q = k[|x1, x2, · · · , xn, y1, y2, · · · , yn|] where k is a field. Let zi = xiyi for i =
1, 2, · · · , n. Consider theQ–ideals I = (z1, z2, · · · , zn), J = (x1, x2, · · · , xn), and L = (y1, y2, · · · , yn).
Let R = Q/I. ThenR is complete intersection but is not regular. Consider the R–modules A and
B as A = R/JR andB = R/LR. ThenA⊗RB = R/(J+L)R and hence dimA⊗RB = 0. SinceR
is complete intersection we have CI-dimRA <∞ and hence, CI-dimRA = depthR−depthRA =
0. On the other hand dimB = n so dimB > CI-dimRA+ dimA⊗R B.
Let M and N be R–modules. Then we define
gradeR(M,N) = inf{i|Ext
i
R(M,N) 6= 0}.
If Ext iR(M,N) = 0 for all i, then gradeR(M,N) = ∞. In [AY; Theorem 3.1] Araya and
Yoshino have used the Intersection Theorem to prove “Let M and N be finite R–modules with
pdRN < ∞ and Tor
R
i (M,N) = 0 for all i > 0 then for any finite R–module L, we have the
following inequalities
(3) gradeR(L,M)− pdRN ≤ gradeR(L,M ⊗R N) ≤ gradeR(L,M).
′′
In the following Theorem we show that, in (3), projective dimension can be replaced by quasi–
projective dimension.
(3.5) Theorem. Let M and N be finite R–modules with qpdRN < ∞ and Tor
R
i (M,N) = 0
for any i > 0. Then
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gradeR(L,M)− qpdRN ≤ gradeR(L,M ⊗R N)− cxRN ≤ gradeR(L,M).
proof. By [BH; Prop. 1.2.10] there exists p ∈ SuppRL ∩ SuppR(M ⊗R N) such that
gradeR(L,M ⊗R N) = depthRp (Mp⊗Rp Np).
By [AGP; Prop. 1.6] CI-dimRpNp <∞ and so by applying [I; Thm. 4.3] we have
gradeR(L,M ⊗R N) = depthRpNp+ depthRpMp− depthRpRp.
On the other hand depthRp − depthRpNp = CI-dimRpNp, see [AGP; Thm. 1.4]. Thus
gradeR(L,M ⊗R N) = depthRpMp− CI-dimRpNp. Therefore by applying [BH; Prop. 1.2.10]
gradeR(L,M ⊗R N) ≥ gradeR(L,M)− CI-dimRN.
Now the left inequality is obtained by applying the equality CI-dimRN = qpdRN − cxRN .
For the right inequality, there exists p ∈ SuppM ∩ SuppL such that gradeR(L,M) =
depthRpMp. Let q be a minimal element of the set Supp (R/p⊗RM ⊗RN). Then p ⊆ q and so
q ∈ SuppL. By Corollary 3.2, dimRq (Rq/pRq⊗Rq Mq) ≤ qpdRqNq and hence by [AGP; Thm
5.11] dimRq (Rq/pRq⊗Rq Mq) ≤ CI-dimRqNq+ cxRqNq. The following inequalities hold:
CI-dimRqNq ≥ dimRq (Rq/pRq⊗Rq Mq)− cxRqNq
≥ dimRp (Rp/pRp⊗Rp Mp) + dimRqRq/pRq− cxRqNq
≥ depthRqMq− depthRpMp− cxRqNq
≥ depthRqMq− depthRpMp− cxRN.
Therefore
cxRN + gradeR(L,M) ≥ cxRN + depthRpMp
≥ depthRqMq− CI-dimRqNq
= depthRq (Mq⊗Rq Nq)
≥ gradeR(L,M ⊗R N)
Now the assertion holds. 
The following example shows that the term “cxRN” is necessary in the Theorem (3.5).
Example. Let R = k[|X,Y |]/(XY ), N = R/yR where x (resp. y) is image of X (resp. Y )
in R. Since R is complete intersection so CI-dimRN < ∞. Since depthRN = 1 we have
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CI-dimRN = 0, the quasi–deformation can be chosen as R = R
′ and Q = k[|X,Y |]. Then it
is easy to see that cxR(N) = 1. Set M = R and L = R/xR. Then gradeR(L,M) = 0 and
gradeR(L,M ⊗R N) = 1.
Acknowledgments. The authors would like to thank Sean Sather-Wagstaff, University of
Illinois, for his invaluable comments, specially for the lemma 3.2.
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